Abstract. Let D be an integral domain. We investigate two invariants ω(D, x) and ω(D) which measure how far an x ∈ D is from being prime and how far an atomic integral domain D is from being a UFD, respectively. We give a new characterization of number fields with class number two. We also study asymptotic versions of these two invariants.
Introduction
Let D be an integral domain with D * = D \ {0}, quotient field K, and group of units U (D). In this paper, we consider two (integer-or ∞-valued) invariants ω(D, x) and ω(D) which measure how far an x ∈ D is from being prime and how far an atomic integral domain D is from being a UFD, respectively. We also study asymptotic versionsω(D, x) andω(D) of ω(D, x) and ω(D), respectively. Similar definitions can be made, and results proved, in the context of monoids (see [10] and [11] ). We begin with the definitions. (1) For x ∈ D * \ U (D), let ω(D, x) be the least positive integer m such that if x|x 1 · · · x n with each x i ∈ D, then x|x i1 · · · x it for some {i 1 , . . . , i t } ⊆ {1, . . . , n} with t ≤ m. If no such integer exists, then ω(D, x) = ∞. Thus 1 ≤ ω(D, x) = m < ∞ means that (i) x ∈ D * \ U (D), (ii) if x|x 1 · · · x n with each x i ∈ D and n ≥ m, then x|x i1 · · · x im for some {i 1 , . . . , i m } ⊆ {1, . . . , n}, and (iii) there are x 1 , . . . , x m ∈ D such that x|x 1 · · · x m , but x divides no proper subproduct of the x i 's. We will often use this equivalent formulation for ω(D, x). In the next section (Theorem 2.1), we show that if D is atomic, then we can assume that each x i in the definition of ω(D, x) is irreducible.
Clearly ω(D, x) = 1 if and only if x is a prime element of D, ω(D, x 1 · · · x n ) = n if each x i is a prime element of D, and an atomic integral domain D which is not a field is a UFD if and only if ω(D) = 1. However, if D is a GCD-domain, then every irreducible element of D is prime; so ω(D) = 1 if D is a GCD-domain which has irreducible elements (see Example 2.2(f)-(g)). Also, if D is a GCD-domain which has irreducible elements, thenω(D) = 1 (the converse fails, see Example 2.2(b)-(c)). In Theorem 2.5, we show that if D is atomic and ω(D) ≤ 2, then D is an HFD (the converse fails even for Dedekind domains, see Example 3.6(a)). Also,
is not a product of irreducible elements of D. So, if D has no irreducible elements and is not a field, then we define ω(D) =ω(D) = ∞.
In Section 2, we study some of the basic properties of the ω andω invariants and give several examples. In particular, we show that the limitω(D, x) always exists (but may be infinite). In Section 3, we work in the context of Krull domains. In this case, ω(D, x) is just the number of ht-one prime ideals in the v-product representation of xD. We show that the ring of integers in an algebraic number field has class number two if and only if ω(D) = 2. We also show that if n is any positive integer or ∞, then there is a Dedekind HFD D n with ω(D n ) = n.
We next recall some definitions. We say that an integral domain D is atomic if each nonzero nonunit of D is a product of irreducible elements (atoms) of D. Integral domains which satisfy the ascending chain condition on principal ideals (ACCP), and hence Krull domains, are atomic. Following Zaks [18] , we say that an atomic integral domain D is a half-factorial domain (HFD) if whenever [17] , we define the elasticity of an atomic integral domain D to be ρ(D) = sup{ m/n | x 1 · · · x m = y 1 · · · y n with each x i , y j ∈ D irreducible }. Then 1 ≤ ρ(D) ≤ ∞ with ρ(D) = 1 if and only if D is an HFD. For a finite abelian group G, the Davenport constant of G, denoted by D(G), is the least positive integer d such that for each sequence S ⊆ G with |S| = d, some nonempty subsequence of S has sum 0. If G is an infinite abelian group, then we set D(G) = ∞; this is consistent with the definition of D(G) for G finite. Note that D(G) ≤ |G| and D(Z n ) = n (see [8] ).
As usual, Z, Q, R, C, and Z n will denote the integers, rational numbers, real numbers, complex numbers, and integers modulo n, respectively. For any undefined notation or definitions, see [9] , [10] , or [12] .
Basics
In this section, we give some general properties for the ω andω invariants and several examples to illustrate the theory. We are mainly interested in the case where D is atomic; so we start by showing that when D is an atomic integral domain, we can restrict ourselves to irreducible elements of D in the definition of ω(D, x). 
. . is the sequence of odd primes. Let A be the monoid domain F [X; T ], and
and it may be shown that 
, where K is a field. Then D is a Noetherian onedimensional local integral domain, has no prime elements since (X 2 , X 3 )D is not principal, and up to associates, the irreducible elements of D have the form X 2 (1 + αX) and 
is not a GCD-domain [6, Theorem 11] and is not atomic since X is not a product of irreducible elements of D, but D has irreducible elements and they are all prime. Indeed, up to associates, the irreducible elements of D are just the prime elements Proof. If ω(D) ≤ 1, then D is a UFD; so we may assume that ω(D) = 2. Suppose that D is not an HFD. Then there is a factorization x 1 · · · x n = y 1 · · · y m with each x i , y j ∈ D irreducible, 2 ≤ n < m, and n as small as possible. Since ω(D) = 2, we may assume that x 1 |y 1 y 2 ; say y 1 y 2 = x 1 z 1 · · · z k for some irreducible z i ∈ D and k ≥ 1. Thus x 2 · · · x n = z 1 · · · z k y 3 · · · y m with n − 1 < k + (m − 2). Note that the number of irreducible factors on the right-hand side is k + (m − 2) ≥ m − 1 ≥ n ≥ 2; so we must also have n − 1 ≥ 2 irreducible factors on the left-hand side. This new factorization contradicts the minimality of n. Hence D is an HFD.
We next relate ρ(D) and ω(D) (cf Theorem 3.5 when D is a Krull domain). Note that
Theorem 2.6. Let D be an atomic integral domain which is not a field. It is easy to give examples where ω(D S ) = ω(D) for S ⊆ D * a multiplicatively closed set. We next give a special case where equality does occur.
Theorem 2.7. Let D be an atomic integral domain, S a multiplicative subset of D generated by primes, and
. . , k} with t ≤ m; so xy = sx i1 · · · x it in D for some y ∈ D and s ∈ S. Since no p ∈ S divides x, we must have s|y, and hence Proof. We may assume that ω(D, x) < ∞, and thus ω(D, x n ) < ∞ for all integers n ≥ 1. Let a n = ω(D, x n )/n for each integer n ≥ 1.
n )/mn = a n for all integers m, n ≥ 1 by Theorem 2.3. Let a = inf{a n }, and suppose that b > a. Thus there is an integer N ≥ 1 such that a ≤ a N < b. For each integer n > N , by the Division Algorithm we have n = qN + r for some integers q, r with 0 ≤ r < N . Hence a n ≤ (qN a qN + ra r )/n ≤ (qN a N + ra r )/n ≤ a N + r(a r − a N )/n. As there are only a finite number of values for r(a r − a N ), we have a ≤ a n < b for all large n. Thus a =ω(D, x). The "moreover" statement now follows easily from Theorem 2.3.
Krull domains
In this section, we investigate ω(D, x) and ω(D) when D is a Krull domain. Recall that when D is a Krull domain and x ∈ D \ U (D), then xD = (P 1 · · · P n ) v for unique (but not necessarily distinct) ht-one prime ideals P 1 , . . . , P n of D [9, Theorem 3.12]. We first show that when D is a Krull domain, then ω(D, x) is just the number of ht-one prime ideals in this v-product representation of xD. Thus ω(D, x) < ∞ when D is a Krull domain (but ω(D) may be ∞). In Theorem 3.4, we use ω(D) to give a new characterization of number fields with class number two. We also show that for n any positive integer or ∞, there is a Dedekind HFD D n with ω(D) = n.
A different version of the following theorem in the context of monoids can be found in [11, Theorem 4.4] .
Theorem 3.1. Let D be a Krull domain and x ∈ D irreducible with xD = (P 1 · · · P n ) v for some ht-one prime ideals
Proof. Clearly ω(D, x) ≤ n. We show that there are x 1 , . . . , x n ∈ D such that x|x 1 · · · x n , but x divides no proper subproduct of the x i 's. For each integer i with
where Q is a product of ht-one prime ideals of D distinct from the P i 's. By construction, x|z and x divides no proper subproduct of the x i 's. Thus ω(D, x) = n. The "in particular" statement is clear.
Corollary 3.2. Let D be a Krull domain and x
Proof. This follows directly from the proof of Theorem 3.1. The "moreover" statement is clear. 
Then there are ht-one prime ideals P 1 , . . . , P d of D such that (P 1 · · · P d ) v = xD is principal and no proper v-subproduct of (
If D(Cl(D)) = ∞, then for each integer k ≥ 1, there are ht-one prime ideals P k1 , . . . , P kn k of D with n k ≥ k such that (P k1 · · · P kn k ) v = x k D is principal and no proper v-subproduct of (P k1 · · · P kn k ) v is principal. Thus each x k ∈ D is irreducible; so ω(D, x k ) = n k ≥ k by Theorem 3.1, and hence ω(D) = ∞ = D(Cl(D)). The "in particular" statement follows since every nonzero divisor class in Cl(D) contains a ht-one prime ideal when D is the ring of integers in an algebraic number field (see the proof of the main result in [7] ).
Let D be the ring of integers in an algebraic number field. In [7] , Carlitz showed that D has class number two (i.e., Cl(D) = Z 2 ) if and only if D is an HFD which is not a UFD. is irreducible and x|x 1 · · · x n with each x i ∈ D and n ≥ 2, then x|x i x j for some 1 ≤ i < j ≤ n).
We next relate ω(D) to ρ(D) when D is a Krull domain (cf Theorem 2.6). 
